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a b s t r a c t

A numerical algorithm is described in which changes of geometry caused by wear can be simulated by
ascribing fictitious anisotropic eigenstrains to a set of surface nodes. These eigenstrains are related to the
wear depth at any location, and can be incorporated into calculations using the existing expansion
modules in commercial codes, such as anisotropic swelling or thermal expansion. The proposed
algorithm has been implemented, and the results compared to those from a conventional wear model
involving periodic re-meshing. It has been shown to be accurate and efficient. The method provides an
alternative to the re-meshing technique, and may provide advantages in history-dependent problems
such as those involving plasticity, hysteretic friction or micro-slip.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Wear is a cause of failure in many engineering applications [1–4].
Predictions of the magnitude and distribution of wear are crucial for
safety, and for the determination of operational costs. The local wear
rate depends on the contact pressure, and even relatively small
amounts of wear can change the profiles of the contacting bodies
sufficiently to have a significant influence on the distribution of
contact pressures. The contact and wear problems are therefore fully
coupled, and require an incremental formulation in numerical models.

1.1. Methods for wear modeling

The Euler scheme is commonly used for wear modeling [5–9].
At each time step, the contact tractions are determined based on
the instantaneous geometry of the system, and the wear rate is
determined from these tractions using a wear law such as that
proposed by Archard [10]. The geometry is then updated to reflect
the wear predicted at each node during the time step, and the
process is repeated.

The geometry updating can be realized either by re-meshing or
by alternative techniques such as adjusting the magnitude of gap
elements to account for wear [11]. In principle, the geometry
should be updated after each time step, but this can be prohibi-
tively computer-intensive, particularly since contact problems
typically require a relatively fine mesh in the contact area [12].
Instead, it is usual to solve the contact problem under the
assumption that the undeformed profile remains unchanged for

an extended period of time. If the loading is periodic, the model is
indexed through one complete loading cycle and the total wear
predicted at each node is determined. This cyclic nodal wear is
then multiplied by an appropriate factor n to approximate the
wear during a macro-time step of n loading cycles, after which the
geometry of the contacting bodies is updated appropriately. The
size of the macro-time step can be adjusted so as to ensure that
the nodal wear is large enough to be numerically significant, but
not so large as to introduce significant errors [6,13,14].

Soderberg and Andersson [7] found that frequent mesh adjust-
ments can induce stability problems, and may increase the
difficulty of numerical convergence. For example, they found that
the adjustment of nodal coordinates may result in a spurious gap
at some nodes, necessitating the repositioning of contact compo-
nents, which introduces additional uncertainty into the accuracy
of the results. Techniques have also been developed to improve the
stability of the models when the wear depth is large compared to
the element size [5]. For example, if the mesh adjustment is
distributed among several layers of elements, the mesh quality can
be preserved [14,15]. Both the re-meshing and multi-layer meth-
ods can effectively improve numerical stability, but they increase
computational cost significantly.

In this paper, we present a new method in which the geometry
is updated by imposing fictitious anisotropic eigenstrains (con-
tractions) in the surface elements. The magnitude of these eigen-
strains corresponds to the geometry change induced by wear.
Several different modules exist in most commercial finite-element
codes that can be used to induce anisotropic eigenstrains. These
include swelling and thermal expansion modules. The use of these
modules means that very little program modifications need to be
made by the user, and avoids the need for re-meshing in cases of
moderate wear. This is particularly useful for systems with a

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/triboint

Tribology International

http://dx.doi.org/10.1016/j.triboint.2014.10.015
0301-679X/& 2014 Elsevier Ltd. All rights reserved.

n Corresponding author. Tel.: þ1 734 936 0406.
E-mail address: jbarber@umich.edu (J.R. Barber).

Tribology International 82 (2015) 191–194

www.sciencedirect.com/science/journal/0301679X
www.elsevier.com/locate/triboint
http://dx.doi.org/10.1016/j.triboint.2014.10.015
http://dx.doi.org/10.1016/j.triboint.2014.10.015
http://dx.doi.org/10.1016/j.triboint.2014.10.015
http://crossmark.crossref.org/dialog/?doi=10.1016/j.triboint.2014.10.015&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.triboint.2014.10.015&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.triboint.2014.10.015&domain=pdf
mailto:jbarber@umich.edu
http://dx.doi.org/10.1016/j.triboint.2014.10.015


dependence on loading history, such as elastic–plastic or Coulomb
friction problems. Here, we describe the method, and validate it by
using the thermal-expansion module in a commercial finite-
element code to produce wear profiles from a simple example
that can be compared to the results from a conventional
re-meshing scheme.

2. Wear modeling by fictitious eigenstrains

The displacement of the surface nodes due to wear is realized by
controlling the contraction of a layer of elements adjacent to the
contact surface. These surface elements have the same material
properties as the wearing material, but can undergo anisotropic
contraction to mimic a wear profile. Fig. 1 shows a region of a finite-
element mesh near the expected contact region, both in the
undeformed condition, and as modified by wear defined through a
vector of nodal displacements W¼ fW1;W2;‥‥;WmgT , where m is
the number of potential contact nodes. The required wear profile is
achieved by assigning appropriate values to the corresponding m
element eiegnstrains Δ¼ fΔ1;Δ2;‥‥;ΔmgT . In order to avoid
unwanted lateral displacements, so the simulated wear always occurs
normal to the surface, the local orientations of the elements in
contact are tracked by a subroutine at every time-step. The eigen-
strains are set to be anisotropic, with only the components normal to
the contact surface being non-zero. Therefore, contraction occurs
only normal to the current, wear-modified contact surface.

In order to implement the method, we need to determine the
relation between the vectors W and Δ. In ABAQUS, the nodal
thermal displacement depends on the temperature of the neigh-
boring nodes as well as that of the node itself, but in a linear
model we can represent this relationship in the form

Wi ¼ AijΔj or W¼ AΔ; ð1Þ

where i; jA ð1;mÞ and A is a matrix which depends only on the
properties of the original finite-element model. In principle, A can
be extracted from the finite-element code, using appropriate
matrix operations [16]. However, an easier, though less elegant,

approach is to note that if no loads are applied and if the element
eigenstrain vector is set to

Δj ¼ δkj ð2Þ

where δkj is the Kronecker delta, the resulting nodal displacements
will be

Wi ¼ Aijδkj ¼ Aik: ð3Þ

Thus, a single run of the code with this eigenstrain distribution
yields the coefficients Aik with iAð1;mÞ, which defines the kth row
or column of A. Repeating the operation m times for each value of
k, we can construct the entire m�m matrix A.

3. The Euler updating algorithm

We next embed the wear calculations in an Euler updating
algorithm which is similar to that used with more conventional
re-meshing methods. We assume Archard's wear law [10] in the
form

_wðx; tÞ ¼ μα _hðx; tÞpðx; tÞ; ð4Þ

where μ is the coefficient of friction, α is the wear coefficient,
pðx; tÞ is the local contact pressure and _hðx; tÞ is the slip velocity at
the contact surface [hðx; tÞ is the slip displacement]. The coefficient
of friction is used in this formulation of Archard's law to empha-
size that the wear rate is related to the contact stress through the
frictional work done. In the finite-element model, the contact
pressure and the wear rate are expressed in terms of nodal values
PiðtÞ;WiðtÞ through the relations

_pðx; tÞ ¼ ∑
m

i ¼ 1
PiðtÞviðxÞ; _wðx; tÞ ¼ ∑

m

i ¼ 1

_WiðtÞviðxÞ; ð5Þ

where vi(x) are the element-shape functions. It follows from
(Eqs. (4) and 5) that

_WiðtÞ ¼ μα _HiðtÞPiðtÞ; ð6Þ

where _HiðtÞ is the instantaneous slip velocity at node i. The nodal
forces, Pi(t), are determined by running the finite-element contact
simulation through a complete loading cycle, after which Eq. (6)
can be numerically integrated by dividing the loading cycle into
appropriate time steps, Δt, and writing

WiðtþΔtÞ ¼WiðtÞþμα HiðtþΔtÞ�HiðtÞ
� �

PiðtÞ: ð7Þ

The resulting cyclic nodal wear is then multiplied by the factor n to
determine the wear vector W after n cycles of loading. This is
mathematically equivalent to the use of an enhanced wear rate nα
in a single cycle of loading. The fictitious eigenstrain vector, Δ, is

Nomenclature

τ shear traction at contact interface
σ normal traction (compressive positive) at contact

interface
μ friction coefficient
ν Poisson's ratio
E Young's modulus
p externally applied normal pressure
d amplitude of imposed tangential displacement
l half length of the indenter and substrate
h height of the indenter and height of the substrate

x distance from the mid-point of the substrate along the
interface

w wear depth
h slip displacement
α wear coefficient
αT coefficient of thermal expansion
n number of cycles between mesh geometry updates
N number of geometry updates
W vector of nodal displacements
T vector of nodal temperatures
Δ vector of eigenstrains

Fig. 1. The updating of the wear profile is realized through anisotropic eigenstrains
in a layer of surface elements.
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then updated through the inverse relation

Δ¼ A�1W: ð8Þ
This algorithm is shown as a block diagram in Fig. 2.

4. Validation and application in wear simulation

We implemented a two-dimensional ABAQUS model, using an
anisotropic thermal expansion module to generate the eigen-
strains, for the purpose of illustration, but the method is equally
applicable for three-dimensional geometries, other finite-element
packages, and other modules that represent eigenstrains. A round-
on-flat sliding model was created, as shown in Fig. 3. A constant
vertical pressure, p, was applied to the system as a preload. Then,
an oscillating horizontal displacement, d, was applied to the top
surface of the indenter. The amplitude of this displacement was
chosen to be sufficient to cause slip at all nodes.

In this particular implementation, the eigenstrain vector, Δ was
obtained by assigning negative temperatures, Ti to each contact
nodes, corresponding to the appropriate eigenstrains through
Δi ¼ αTTi, where αT is the coefficient of thermal expansion of the
surface elements. All of the non-surface nodes were assigned zero

temperature, and the thermal conductivity was set to be zero, so
that the temperature distribution remained unchanged. Obviously,
this method cannot be used in problems involving actual thermo-
elastic deformations, but in these cases the appropriate eigenst-
rains can be generated by alternative methods, such as anisotropic
swelling modules.

Results for the wear profile and for the evolution of the contact
pressure were obtained by two methods: (i) the thermal-
contraction algorithm described above, and (ii) a conventional
re-meshing algorithm. In the re-meshing algorithm, the contact
nodes were relocated manually based on the predicted wear after
n cycles and the original loading scenario was repeated. Since this
procedure essentially involved unloading and then reloading the
model after the geometry had been updated, the remeshed model
was run for a few cycles until a steady cyclic state was identified.
We note that ABAQUS contains an adaptive re-meshing module,
but we encountered convergence problems when computing the
contact interactions without the unloading and reloading step.
Some of the calculations were also repeated using an anisotropic
swelling module available in ABAQUS to confirm that non-thermal
routes also work.

Fig. 4 shows the dimensionless wear profile after 100 and 200
stages of geometry modification, which corresponds to 100n and
200n loading cycles respectively. The values of the dimensionless
parameters used were μ¼ 0:1;αE¼ 0:0075, ν¼ 0:25, d=l¼ 0:005,
E=p¼ 3750, and h=l¼ 0:5, where ν and E are Young's modulus and
Poisson's ratio, respectively. The results of the thermal-expansion
method are shown as circles and those of the re-meshing method
as crosses. Clearly the two methods give essentially identical
results. Similarly, the contact pressure predicted by the two
methods is shown in Fig. 5. The percentage differences between
the results of the two methods shown in Fig. 5 are slightly larger
than that in Fig. 4, but the two sets of results are still not visually
distinguishable. In all cases, the frictional tractions were propor-
tional to the contact pressures, since slip occurred at all contact
nodes. Results obtained using the anisotropic swelling module
available in ABAQUS were indistinguishable from these results.

5. Discussion

In conventional re-meshing algorithms, it is generally necessary
to unload the contact stress on the contact interface each time the
geometry is updated. This is undesirable in problems involving
plastic deformation, where unloading may lead to unintended
modifications of the residual stress field. Also, in fretting problems,
where frictional slip is restricted to a part of the contact interface,
unloading will release residual frictional slip in the stick zone
[17,18]. This necessitates running the model through several cycles
to achieve a steady state after each mesh adjustment, and even

Fig. 2. An Euler wear scheme based on the eigenstrain method.

Fig. 3. A 2D plane-strain wear model with boundary conditions of a constant
compressive pressure, p, and an oscillating horizontal displacement, d. The indenter
and substrate are elastically similar.

Fig. 4. Dimensionless wear profiles predicted by the thermal expansion algorithm
(circles) and the re-meshing method (crosses) for the model shown in Fig. 3. N is
the number of stages of geometry modification.
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then, the release of residual slip may lead to accumulated errors.
The adaptive-mesh module in ABAQUS appears to permit re-
meshing without unloading and reloading, but the present authors’
experience was that it could cause convergence problems.

By contrast, the example illustrated here shows that the eigen-
strain algorithm generates the same solution as a conventional
algorithm, without the need for unloading and reloading. This
algorithm is considerably easier to implement than a re-meshing
algorithm. It is also significantly more efficient. For example, in
generating the results of Figs. 4 and 5, we found that the computer
time with the new method was approximately one-third of that
required for the conventional algorithm.

Although we used a simple two-dimensional model for the
illustration in Section 4, the eigenstrain algorithm can also be
applied to three-dimensional models. The method can also be
extended using modifications previously introduced in re-meshing
algorithms. For example, with modifications, it can be used to
model large wear depths. If the wear depth is larger than a critical
fraction of the element size [14,15], the geometry change can be
distributed by defining eigenstrains over several layers of ele-
ments. We also note that other wear laws can be used in place of
Eq. (4), provided that they depend only on quantities calculable
from the underlying finite-element contact model.

6. Conclusions

The eigenstrain algorithm described in this paper provides an
efficient and easy alternative to conventional re-meshing algo-
rithms for finite-element simulations of contact problems invol-
ving wear. It enables wear modeling in commercial finite-element
codes using available expansion modules. The method allows
geometry updating, without the problems associated with unload-
ing the contact stress at the interface interface. This provides
advantages for history-dependent problems, such as those invol-
ving plasticity and/or hysteretic friction and microslip. Finally, we
repeat the important point that, although, here, we used thermal
expansion as an example of how to generate eigenstrains, the wear
profile can also be mimicked by other available expansion mod-
ules, such as swelling. This approach releases the temperature
field for use in thermal simulations, and so enables the application
of this method to a broad range of thermo-tribological problems.
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