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Mechanistic model for stresses in the oxide layer formed on
zirconium alloys

Isha Guptaa, J. R. Barbera, M. D. Thoulessa,b, and Wei Lua,b

aDepartment of Mechanical Engineering, University of Michigan, Ann Arbor, Michigan, USA; bDepartment of
Materials Science and Engineering, University of Michigan, Ann Arbor, Michigan, USA

ABSTRACT
Zirconium alloys are widely used as the cladding material in pressurized-
water-reactors. The oxide formed is subjected to compressive stresses,
which relax over time. This may affect the protectiveness of the oxide layer
by allowing crack formation. We present a mechanistic model to predict
these stresses as a function of temperature and oxidation kinetics. Material
parameters for elastic deformation, creep, and thermal expansion are taken
from appropriate experimental studies and the resulting predictions for the
evolution of the stress distributions are compared with other experimental
data. Dislocation glide in the oxide is found to be the dominant mechan-
ism of stress relaxation for temperatures below 900K.
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Introduction

Zirconium alloys are used as the cladding material for fuel rods in a pressurized-water reactor (PWR)
because of their low neutron-absorption capability and their resistance to high-temperature corrosion
and radiation damage. The cladding undergoes oxidation while being exposed to the pressurized
water used as a coolant in a PWR. Oxide films formed on zirconium alloys are subjected to in-plane
compressive stresses associated with a Pilling–Bedworth ratio of 1.56 [1]. The compressive stress and
the good adherence between the oxide and substrate make these films inherently protective in nature,
because the compressive stress prevents the formation of cracks which could provide a low-resistance
path for diffusion of the oxidizing species. However, despite the compressive stress, transitions in the
nature of the oxide and its kinetics have been observed [2]. The resultant accelerated oxidation rates
lead to an increase in the amount of hydrogen entering the zircaloy, and embrittlement by the result-
ant formation of hydrides, which can place limits on the fuel burn-up in reactors.

The monoclinic phase of zirconia is thermodynamically stable below 1400K, above which the
tetragonal phase is stable up to 2600K. However, phase-characterization studies [3–6] show that
there is a high density of the tetragonal phase in the oxide film, even at temperatures below
1000K. It is recognized that the high compressive stresses within the oxide may be a contributing
factor to this observation [7]. Experiments show that both the volume fraction of the tetragonal
phase and the compressive stresses in the oxide decrease continuously with time, and this phase
transformation has been postulated as a possible trigger for a transition in the oxidation kinetics
of zirconium alloys [8].
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Since the oxide stresses play an important role in these processes, we would like to be able to
predict the evolution of the stress field under varying mechanical and thermal conditions. This is
the objective of the present article.

Statement of the problem

We consider the problem illustrated in Figure 1 in which a plane sheet is oxidized on both sides,
since this geometry has been used in several experimental studies [3, 6, 9]. We shall argue later
that the methods developed are easily applied to other geometries more representative of practical
PWR systems. We assume that the oxide film thickness hoxðtÞ and the (spatially uniform) tem-
perature T(t) are known functions of time t, and we wish to predict the evolution of the corre-
sponding stress field. We assume that hoxðtÞ is independent of x, but experimental observations
[10, 11] show significant irregularities in the oxide-metal interface. These can be expected to gen-
erate corresponding perturbations in the stress field local to the interface [12].

We define a coordinate system such that the y-axis is perpendicular to the plate surfaces and x
and z are in-plane directions. The symmetric geometry implies that no bending occurs and hence
the in-plane strains �xxðtÞ; �zzðtÞ are independent of y. The sheet is free to expand in both x- and
z-directions, so these strain components must be equal and the corresponding stress state is also
biaxial—that is,

�xx ¼ �zz � e tð Þ and rxx ¼ rzz � s y; tð Þ; ryy ¼ 0 (1)

which serves to define the in-plane biaxial stress s(y, t) and strain eðtÞ: Notice that in the oxide,
s(y, t) is a function of both y and t, since different regions of the oxide are generated at different
times, whereas in the metal, s(t) is a function of t only.

Since no forces are applied to the sheet, the mean value of s(y, t) across the thickness must be
zero for all t—that is,

ðh
0
s y; tð Þdy ¼ 0; where h ¼ hm þ 2hox (2)

This equilibrium condition and the constitutive laws for the materials (i.e., the relations
between stress, strain, and temperature) are sufficient to determine s(y, t) for given hoxðtÞ;TðtÞ:

Material behavior

Strain components in both metal and oxide can be anticipated due to (1) elastic deformation, (2)
thermal strain, and (3) inelastic deformation, notably creep. We shall consider each of these con-
tributions separately and draw on published experimental data to decide on appropriate func-
tional forms and material properties. The properties of the metal substrate are generally well-
documented, though creep mechanisms can be quite complex [13]. By contrast, oxide properties
are complicated by the fact that the oxide involves a mixture of two phases, both of which are
anisotropic.
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oxide
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x

y

O

hox

Figure 1. Two-sided oxidation of a thin sheet specimen.
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Elastic deformation

For Zircaloy-4, Polatidis et al. [3] quote the values Em ¼ 96 GPa, �m ¼ 0:34; where E; � are,
respectively, Young’s modulus and Poisson’s ratio. Since elastic properties for alloys are relatively
insensitive to small changes in composition, we shall also use these values for ZIRLO. For the
oxide the same authors give the values Eox ¼ 253 GPa, �ox ¼ 0:282:

Thermal strain

Guerain et al. [14] give the value am ¼ 5:8� 10�6 K–1 for the thermal expansion coefficient of
the substrate.

For monoclinic zirconia, the thermal expansion coefficient varies between 1:2� 10�6 K–1 and
12:6� 10�6 K–1, depending on the crystal orientation [4], so the degree of uncertainty introduced
by these factors is quite large. However, these authors report XRD studies for a sheet specimen
oxidized as in Figure 1, after which the temperature was cycled between T¼ 743K and T¼ 293K.
Under these conditions, the equilibrium condition (2) and strain compatibility imply that the in-
plane stress in the oxide should change by

Dsox ¼ am � aoxð ÞDT= 1��oxð Þ
Eox

þ 2hox
hm

1��mð Þ
Em

� �
(3)

where DT is the change in temperature. Using this result and elastic properties from “Elastic
deformation” Section, the XRD data from [4] imply a thermal expansion coefficient aox ¼
5� 10�6 K–1. However, in view of the uncertainty of oxide composition and orientation, we here
use values in the range aox ¼ 562� 10�6 K–1.

Substrate creep

Wang et al. [13] developed a deformation-mechanism map for creep of Zircaloy-4, based on a
comprehensive survey of published experimental data. For temperatures and stress levels in typ-
ical PWR applications, the dominant mechanisms are diffusional creep and power-law creep.

The power-law creep mechanism exhibits a relationship between the von Mises effective nor-
mal stress, req; and the effective normal strain rate _�eq of the form [13]

_�eq ¼ AG
T

exp � Qp

RT

� �
req
G

� �5:1

(4)

where Qp ¼ 285620 kJ/mol is the activation energy, T is the absolute temperature, R is the molar
gas constant, and the shear modulus G ¼ ð39400�13:4TÞ MPa. Wang et al. [13] estimate the
constant A as 2:1� 1024 K MPa–1 s–1, based on a wide range of experimental studies, though out-
liers in this data correspond to values with upper and lower bounds 5:2� 1024 K MPa–1 s–1 and
7� 1023 K MPa–1 s–1, respectively. Because of the 5.1 power, the predicted stresses are rather
weak functions of A, so variation within this range has comparatively little effect on the results.

Diffusional creep is generally assumed to follow a linear relation [15]

_�eq ¼ Breq
T

exp � Qd

RT

� �
(5)

Data for diffusional creep parameters for Zr-4 is sparse, but using experimental data from
Kaddour et al. [16] (based on specimens with an average grain dimension of 8 lm) and Qd ¼
190 kJ/mol [16], the constant B can be estimated as B ¼ 1:76� 106 K MPa–1 s–1.
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The strain-rate tensor is related to _�eq by

_�ij ¼
3r0ij
2req

_�eq (6)

where r0ij ¼ rij�rkk=3 is the deviatoric component of the stress tensor. For the particular case of
in-plane biaxial stress rxx ¼ rzz ¼ s; req ¼ jsj and the in-plane creep strain rate is

_e ¼ 3
2jsj s� 2s

3

� �
_�eq ¼ sgn sð Þ _�eq

2
(7)

where sgnðsÞ ¼ s=jsj is the signum function, equal to þ 1 if s> 0 and –1 if s< 0.

Oxide creep

We are not aware of published creep data for the oxide formed on zircaloy, so we here assume
that this can reasonably be approximated by data for other forms of zirconia [15]. In particular,
we note that diffusional creep will be of negligible significance compared with other creep mecha-
nisms at the compressive stresses typically exhibited in the oxide layer [17].

Platt et al. [6] assumed the Coble-creep law proposed by Choksi et al. [17] for stabilized-tetragonal
zirconia, and showed that this mechanism had negligible impact on the oxide stresses. However, the
possibility of other creep mechanisms was not considered. In particular, it should be noted that the
high compressive stresses that occur in an oxide film suppress brittle fracture. This permits deform-
ation mechanisms associated with dislocation motion to occur, such as dislocation glide and power-
law creep. Indeed, experimental studies [18] have indicated that such plastic deformation occurs both
in the oxide films formed on zirconium alloys and in pure monoclinic zirconia.

Based on these arguments, we assume that deformation occurs by dislocation glide, for which
we use the generic model

_�eq ¼ _�0 exp � Qg

RT
1� req

rg

� �" #
(8)

In [15], in this equation, the yield strength at 0 K is taken to be rg ¼ 7800 MPa, and the acti-
vation energy is Qg ¼ 173:5 kJ/mol, as reported for lattice-resistance-controlled dislocation-glide
in yttria-stabilized cubic zirconia by Baufeld et al. [19]. We shall estimate the pre-exponential
coefficient _�0 in Section “Estimation of _�0;” using oxide strain measurements at 633K from
Polatidis et al. [3], but first we need to discuss the stress state under which the oxide is formed.

Oxide growth strains

Zirconium oxide has a higher molar volume than zirconium, so a biaxial compressive stress is
developed in the oxide film owing to the constraint exerted by the substrate while the oxide
forms. The Pilling–Bedworth ratio, VPB, defined as the ratio of the molar volume of the oxide to
the molar volume of the metal, is equal to 1.56 for zirconium oxide [1]. If the volumetric expan-
sion during unrestrained growth is assumed to be isotropic, the resulting compressive strain
within the oxide would be given by ððVPBÞ1=3�1Þ ¼ 0:16; implying in-plane compressive stresses
within the oxide of around 57GPa. It can be seen that substitution of such stress levels into Eq.
(8) results in huge plastic strain rates, implying a very rapid relaxation of stresses to more reason-
able levels. Previous studies [6, 20] have assumed that the oxide forms at an in-plane compressive
stress of about 2GPa, but stresses as high as 4GPa have been measured experimentally [21, 22],
suggesting that the value 2GPa is merely an arbitrary temporal point for a rapidly relaxing
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compressive stress. However, the precise details of how the stresses relax from the theoretical ini-
tial value is beyond the scope of this work.

Calculation of stresses

Superposing strains from the various mechanisms discussed in Section “Material behavior,” we
obtain the in-plane strain rates

_em tð Þ ¼ sgn sm tð Þð Þ
2T

AG exp � Qp

RT

� � jsm tð Þj
G

� �5:1

þ B exp � Qd

RT

� �
jsm tð Þj

" #

þ _sm tð Þ 1��mð Þ
Em

þ am _T

(9)

_eox tð Þ ¼ sgn sox y; tð Þð Þ_�0
2

exp � Qg

RT
1� jsox y; tð Þj

rg

 !" #

þ _sox y; tð Þ 1��oxð Þ
Eox

þ aox _T

(10)

Notice that the in-plane strains and the stress in the metal substrate are functions of time
only, but the stress in the oxide is a function of both the distance, y from the oxide-air/water
interface, and time t, since oxidation at different spatial points starts at different times. The initial
condition for newly formed oxide was taken to be a compressive stress of 57GPa, but because
initial creep is very rapid, the results are not sensitive to the precise value chosen.

To complete the problem statement, we use the compatibility condition that the lateral strain
rates in the oxide and substrate be equal for all times t (i.e., _eoxðtÞ ¼ _emðtÞ � _eðtÞ), and the equi-
librium condition (2).

Estimation of _�0

The values for the parameters required in this study were all taken directly from the experimental
literature, as described in Section “Material behavior,” except for the pre-exponential coefficient
_�0 in Eq. (8). To estimate this parameter, we performed a curve fit of the average stress in the

Figure 2. Estimation of the pre-exponential coefficient _�0 in Eq. (8), based on experimental data for the ex situ average in-plane
compressive stress j�soxj in the oxide [3] at T¼ 633 K. The shaded region represents predicted results for chosen range of oxide’s
thermal expansion coefficient, aox ¼ 562� 10�6 K–1.
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oxide layer predicted by the model to ex situ measurements of residual stress reported by
Polatidis et al. [3] for oxidation at a temperature of T¼ 633K. The oxide growth law hoxðtÞ for
this case was obtained by fitting a smooth curve to the experimental data reported in [3].

The results are shown in Figure 2. The points show the experimental results from [3] and
the shaded region defines the bounds of the predictions based on Eqs. (9) and (10), with
_�0 ¼ 300 s–1 and a thermal expansion coefficient of the oxide (aox) in the range 562�
10�6 K–1.

The value of _�0 ¼ 300 s–1 is much lower than that generally quoted in the literature (_�0 ¼ 106

s–1) for a large set of materials [15]. Such values of _�0 could have been achieved if we had chosen
a higher value of activation energy (Qg�230 kJ/mol instead of Qg ¼ 173:5 kJ/mol) while fitting
our model to the experimental data of oxide stress in Figure 2. It is worth noting that Douglass
[18] describes experiments showing that the hardness of cubic zirconia is significantly more tem-
perature sensitive than is the monoclinic phase. This suggests that the activation energy for the
oxide layer may be higher than that of cubic zirconia, used in this study. It is clear that further
progress in understanding oxide stress relaxation at elevated temperatures is contingent on more
direct experimental investigations of the creep behavior of the oxide.

An approximate solution
In many applications, the oxide layer is much thinner than the metal (hox � hm), in which case
the equilibrium condition (2) implies that the in-plane stresses in the metal are low, even when
those in the oxide are high. If the corresponding contributions to the in-plane strain rate _emðtÞ
are sufficiently small to be approximated as zero, Eqs. (9) and (10) and the compatibility condi-
tion then reduce to

sgn sox y; tð Þð Þ_�0
2

exp � Qg

RT
1� jsox y; tð Þj

rg

 !" #

þ _sox y; tð Þ 1��oxð Þ
Eox

þ aox�amð Þ _T ¼ 0

(11)

If the temperature T is constant and sox is always compressive, this equation can be solved in
closed form giving

Figure 3. An iterative procedure for the simultaneous solution of Eqs. (9) and (10).
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exp
Qgsox
RTrg

 !
¼ exp

Qgs0
RTrg

 !
þ QgEox _�0 t

2RTrg 1� �oxð Þ exp � Qg

RT

� �
(12)

where s0 ¼ �57 GPa is the in-plane stress at the instant at which a given layer of oxide was
formed, and time t is measured from that instant. Notice that because of the extremely rapid
creep at small values of t, the predictions at practical time scales are quite insensitive to the value
of s0.

If the strains in the substrate are small but not negligible, the solution of Eq. (11) can be used
as the first step of an iterative procedure. Using the approximation for soxðy; tÞ from that equa-
tion, we estimate smðtÞ from Eq. (2) and substitute this value into Eq. (9) to obtain an improved
estimate for the strain rate of the substrate, _emðtÞ: Repetition of this procedure, as shown in the
flowchart of Figure 3, allows results to be obtained to any desired degree of accuracy.

Results

In this section, we shall compare the predictions of the model with experimental results for oxide
stresses from two previous studies.

Platt et al. [6] used synchrotron X-ray diffraction (S-XRD) to obtain the in-plane stress, s, in
situ while samples were being oxidized at two different temperatures of 923K and 983K. The vol-
ume fractions, fT and fM, of the tetragonal and monoclinic phases, respectively, and the corre-
sponding stresses, sT and sM, were measured using S-XRD and these values were then used to
determine the average oxide stress, defined as

sox ¼ fTsT þ fMsM (13)

In these experiments, temperatures were reported to increase from an initial value of 563K at
a rate of �11:2 K/min, until the required temperature was achieved. Thus, conditions for both
experiments were nominally identical until t¼ 32min, after which the temperature continued to
rise in the 983K case only. The oxide growth law hoxðtÞ for each case was determined by interpo-
lating smooth curves through the experimental values from [6], including an initial transient for
the initial heating phase, for which no experimental values were reported.

Experimental oxide stress values are compared with predictions from the current model in
Figure 4. Uncertainty in the power-law creep parameters of Zircaloy-4 and glide parameters for
the oxide, quantified in previous sections, is represented by error bars in this figure.
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Current model
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(T = 983 K)
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Figure 4. Comparison of predictions of average in-plane oxide compressive stress (j�soxj) at T¼ 923 K and T¼ 983 K with in-situ
experimental data from [6]. Error bars show the effect of uncertainty in the model parameters.
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Figure 4 shows that the model predictions agree well with the experimental data, in view of
the range of uncertainty of the model parameters. In particular, the trend (slope) of the predic-
tions is very close to the experimental data, indicating that the assumed creep laws and parame-
ters describe the evolution of the system correctly.

The most significant discrepancy is the overprediction of the “starting” value of stress at
t¼ 41min for T¼ 923K. We recall that conditions for both experiments were nominally identical
until t¼ 32min, after which the temperature continued to rise in the 983K case only. Since creep
rate is a strong function of temperature, this suggests that the stresses at 983K should if anything
be lower than those at 923K, but the opposite was reported in the earlier stages of measurement.
We note however that similar experiments in the same study using ZIRLO specimens [6] did not
replicate this behavior. The low intensity of the diffracted X-ray beam from relatively thin oxide
layers poses a significant constraint on the accurate measurement of the lattice strains during the
early stages of oxidation, so this discrepancy should perhaps not be given undue weight.

Effect of substrate strain

As remarked in Section “An approximate solution,” if the oxide layer is sufficiently thin
(hox � hm), a good approximation can be obtained by assuming _em ¼ 0; which considerably sim-
plifies the calculation. This approximation (dashed lines) is compared with the more precise cal-
culation (solid lines) in Figure 5 for the same conditions as in [6] and Figure 4. The results show
that the approximation of Section “An approximate solution” predicts stresses that are very close
to those of the more exact calculation at T¼ 923K, but that the approximation significantly over-
estimates the stress at T¼ 983K.

The theoretical model of Platt et al. [6] attributes stress relaxation entirely to creep in the metal sub-
strate. However, this leads to plausible predictions of oxide stresses only if (i) the initial stress in the
oxide is assumed to be �2 GPa, which is lower than the measured stress magnitudes of Ref. [21, 22]
and (ii) the creep rate is assumed to be much more rapid than reported data [23, 24]. Platt et al. [6]
estimated substrate creep parameters using oxide strain measurements from experiments at T¼ 633K
[3], but our simulations recognizing the role of plastic deformation in the oxide show that creep in the
substrate has a negligible effect at this temperature for the entire range of possible power-law creep
strain rates of Zr–4. This is consistent with oxidation strain measurements of Ref. [23, 24] at T¼ 633K,
which are in a range where only elastic behavior is to be anticipated in the substrate.

Figure 5. Comparison of predictions of the present model including substrate strains (solid line) and neglecting them (dashed
line) at temperatures T¼ 923 K and T¼ 983 K. The dashed line is obtained from the approximation of Section “An approximate
solution.” Error bars represent the uncertainty in Zr–4 creep parameters.

1078 I. GUPTA ET AL.



Stress distributions

Preuss et al. [9] measured the stresses ex situ at various depths within a 78lm thick oxide layer
that was formed on a ZIRLO sheet oxidized at 688K for 600 days. Even though the stresses were
measured only in the monoclinic phase (sM), reported tetragonal content was less than 5% in the
oxide layer, so these results can reasonably be compared with the current numerical model. In
the absence of oxide growth data for intermediate points, a linear law (giving hox ¼ 78 lm at
t¼ 600 days) was assumed.

Figure 6 compares the predicted stress distribution with the experimental data from [9]. The
shaded region defines the bounds of the predictions for aox in the range 562� 10�6 K–1 (see
Section “Thermal strain”), and _�0 ¼ 300 s–1 and nominal values of the creep rates of Zr-4 were
assumed, in the absence of suitable data for ZIRLO. The predicted range of the ex situ oxide
stress and the form of the distribution agree well with the experimental results.

Evolution of the stress distribution over time
In view of the good agreement in Figure 6, we performed additional simulations to track how the
oxide stress distribution is predicted to evolve over time. Figure 7a shows the evolution of the in-
plane compressive stress distribution in the oxide as oxidation proceeds at 633K, for which we
used oxide growth data from [3]. The vertical straight lines represent the location of the metal-
oxide interface at that particular instant of time. In each case the oxide is formed at very high
compressive stress, but this relaxes rapidly to a value in the range 2�3 GPa. Subsequent stress
relaxation at any given point is then comparatively slow.

Figure 7b shows corresponding stress distributions at a temperature of 973K, using oxide
growth data from [25]. The higher temperature leads to faster rates of stress relaxation, resulting
in larger stress gradients across the film. Note that XRD estimates of the average stress across the
film may be weighted towards shallower depths in the oxide due to the partial absorption of rays
coming from relatively deeper locations. With stress distributions of the form of Figure 7, this
would lead to an underestimate of the average stress. XRD penetration depends on tilt angle, inci-
dent angle and the respective phase of the oxide [26], but in the absence of such detailed data,
the theoretical results discussed in this article were all plotted using an unweighted (uni-
form) average.

Figure 7 also shows that the stresses remain predominantly compressive up to the oxide-water
interface for oxidation of 150 days at T¼ 633K and 100minutes at T¼ 973K. These are

Figure 6. Comparison of predictions of in-plane oxide stress (sox) distribution across its thickness at T¼ 688 K with ex situ experi-
mental data for ZIRLO from [9]. The shaded region represents predicted results for the range aox ¼ 562� 10�6 K–1.
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approximately the times at which a transition in the oxidation kinetics is reported to occur at
these temperatures [2, 3, 25]. Hence, there seems to be no possibility of formation of through-
thickness vertical cracks that could provide a barrier-free path for oxidizing species to diffuse to
the metal-oxide interface. This result is consistent with the SEM observations by Nakamura et al.
[27], which show that no vertical cracks exist in the oxide film either before or immediately after
the observed transition in the oxidation kinetics at T¼ 773K.

Other geometries

The discussion so far has mainly centered around the symmetric plate geometry of Figure 1, but
the constitutive behavior for metal and oxide outlined in the Section “Material behavior” could in
principle be applied to any geometry, using a finite element implementation. Also, the solution of
Section “An approximate solution” can be used in any situation where the oxide film thickness is
sufficiently small compared with any other linear dimensions of the body.

The cladding tube used in PWRs is 570 lm thick and has a mean radius of 4.4mm. It can
therefore reasonably be treated as a thin-walled tube, implying (i) that hoop stresses will be
approximately uniform through the substrate thickness, and (ii) that the mean hoop stress across
substrate and oxide will be much larger than the pressures applied on the curved surfaces. Thus,
conditions approximate quite closely to those in Figure 1 and based on Figure 5, Eq. (12) pro-
vides a very convenient and quick estimate for the stress field provided the temperature is not
too high.

Conclusions

In this study, we have developed a stress evolution model for the oxide layers formed on zirco-
nium alloys in the temperature range of T ¼ 600–1000 K. Our thesis is that the oxide deforms
primarily by dislocation glide for T< 900K, while creep of the substrate only becomes significant
at higher temperatures. This result is also consistent with the oxidation strain data reported in
the literature [23, 24], which indicates that the substrate behaves elastically at T¼ 633K.

All the model parameters were taken from the literature except the glide parameters (Qg ; rg),
which were assumed to be the same as for yttria-stabilized cubic zirconia. Direct experimental
investigations of creep parameters for monoclinic and tetragonal zirconia are needed to validate

Figure 7. Predicted in-plane stress distribution in the oxide layer at various times t for (a) T¼ 633 K, and (b) T¼ 973 K. Vertical
lines represent location of the metal-oxide interface at time t.
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applicability of these parameters to the oxide film as well, as to predict the stresses for
T> 1000K. The pre-exponential glide constant, _�0; was estimated using a curve fit to experimen-
tal data for ex-situ oxide stresses, but uncertainty in the thermal strains within the oxide leads to
significant variability in this parameter. Further experimental investigation of the thermal stresses
generated during temperature-cycling of oxide layers could enable more precise predictions to
be made.

If the oxide film thickness is small compared with that of the substrate, a simple approxima-
tion to the stress field can be quickly obtained by assuming the in-plane strain rate to be zero.
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