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AbstractÐDomains exist in ferroelectric ceramics. External loads, such as electric ®eld and stress, can
cause domain switching. Domain switching always results in nonlinear ferroelectricity and ferroelasticity of
ferroelectric ceramics. In this investigation, nonlinear electric±mechanical behavior related to ferroelectric
and ferroelastic domain switching is experimentally and theoretically studied. In the experimental work,
the electric±mechanical response of a soft PZT ferroelectric ceramic subjected to combined electric±mecha-
nical loads was observed. The e�ect of di�erent compressive stress levels on the electromechanical response
was examined. In the theoretical modelling, the orientation of each domain is de®ned by its local coordi-
nate relative to a ®xed global coordinate. Orientation distribution function (ODF) is used to describe the
domain pattern. For mathematical simplicity, the Reuss average is used in the modelling. According to the
proposed theory, a domain has di�erent Gibbs' energy at di�erent orientation states and the energy di�er-
ence forms the domain switching driving force. The domain pattern and its evolution are determined by
the joint action of the domain switching driving force and the dissipation during domain switching. In fer-
roelectricity and ferroelasticity, 908 and 1808 domain switchings play di�erent roles and have di�erent
switching dissipations associated with them. A criterion considering the di�erence between the 908 switch-
ing and the 1808 switching is established by the thermodynamic approach. There is an agreement between
theoretical and experimental results. It should be pointed out that the micromechanical model proposed in
this paper is restricted to ferroelectric materials exhibiting transformation from cubic to tetragonal only. #
1999 Acta Metallurgica Inc. Published by Elsevier Science Ltd. All rights reserved.

Keywords: Constitutive equations; Ferroelectricity; Functional ceramics; Piezoelectricity

1. INTRODUCTION

Ferroelectric ceramics have found many appli-

cations after years of development [1±4]. The per-

ovskite type ceramics are a very important class of

them. Examples are BaTiO3, PZT and PLZT,

etc. [1]. A common feature of them is that they all

have ABO3 structures. Figure 1 gives a simple illus-

tration. A unit cell of this structure has an A2 +

ion at each corner, a B4 + ion at the body center

and an O2ÿ ion at each face center. The shape and

properties of such a unit cell is a�ected by tempera-

ture. When the temperature is above the Curie

point, the unit cell is cubic and the ions lie symme-

trically in it. Both the positive and the negative

charge centers coincide with the cube center, as

shown in Fig. 1(a), and the unit cell does not show

polarization. This higher symmetry prototype phase

is paraelectric. Phase transition will occur when the

temperature goes down to the Curie point. During

the course of phase transition, the central B4 + ion

moves relative to the surrounding O2ÿ ions and

results in a shape change of the unit cell. The sym-

metry decreases and the unit cell changes to tetra-

gonal, as shown in Fig. 1(b). The shape change of

the unit cell leads to a spontaneous strain relative

to the paraelectric cubic phase. Another e�ect of

the relative displacement of ions is that the positive

and the negative charge centers no longer coincide

with each other and a spontaneous polarization

appears. The unit cells in a ferroelectric ceramic

that have the same spontaneous polarization form a

ferroelectric domain. Domain switching is the main

source of nonlinearity in ferroelectric ceramics.

An electric ®eld can switch a domain by either

1808 or 908, while a stress can switch a domain by

only 908. A 1808 domain switching can cause a

direct change of polarization and at the same time

leads to a change of piezoelectric compliance tensor.

This change of the piezoelectric compliance tensor

can induce a change of strain. When the polariz-

ation is in the same direction as the electric ®eld,

the unit cell elongates along its c edge. When polar-

ization is in the direction opposite to the electric

®eld, the unit cell contracts its c edge. A 908
domain switching can cause a direct change of both

polarization and strain. If the domain is not dielec-

tric isotropic, the 908 domain switching will also

lead to an additional change of polarization related

to the change of dielectric tensor. The coupling of
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the mechanical and electric e�ect will induce an ad-

ditional linear change of polarization and strain.

The 908 domain switching that occurs under stress

can be analyzed in analogy to the 908 domain

switching that occurs under electric ®eld. Domain

switching is associated with domain wall move-

ments. Experiments show that when an electric or a

mechanical load exceeds a certain value, the domain

wall begins to move and the speed of its movement

is related to the intensity of the load. Domain wall

movements can lead to 908 or 1808 domain

switching [5±8]. The threshold for 908 or 1808
domain switching is di�erent, we will consider the

di�erence in this paper.

As the applied ®eld becomes larger, the strain de-

viates from linearity, and signi®cant hysteresis

appears because of the domain switching. The hys-

teresis limits the application of the ferroelectric cer-

amics, especially under a large applied electric or

stress ®eld. The study on the hysteresis can exhume

the potential application of the materials [9, 10].

Ferroelectirc ceramics are susceptible to brittle frac-

ture that can lead to catastrophic failure. Therefore,

it is important to understand the deformation and

fracture behavior of ferroelectric materials under

coupled electromechanical ®elds [11]. One way to

accomplish this is to resort to well-established linear

elastic fracture mechanics [12±16]. On the other

hand, a better understanding of the fracture beha-

vior in PZT ceramics was obtained on the basis of

the domain switching mechanisms and related the-

ory of nonlinear fracture mechanics [11, 17]. Since

the crack tip stress ®elds are singular, a nonlinear

e�ect such as domain switching exists near the

crack tip even though the remote ®eld is less than

the coercive value. This implies that the structure

reliability concerns of electromechanical devices call

for a better understanding of nonlinear constitutive

laws of ferroelectric ceramics as well as related

domain switching criteria. Some progress in model-

ling constitutive relations for ferroelectric materials

has been made by many researchers, such as

McMeeking [12], Suo [18], Yang and Suo [19],

Hwang et al. [20], Lynch and McMeeking [21], Huo

and Jiang [22], Loge and Suo [23], Chen et
al. [24, 25], Lu et al. [26±28], and Michelitsch and

Kreher [29], but no general constitutive laws are
available for ferroelectrics [30]. The di�culties arise
from hysteresis, multiaxial loading and anisotropic
electric±mechanical coupling. The strain and electric

displacement depend not only on the current stress
and electric ®eld, but also on the loading history.
In this paper a domain switching model is pro-

posed. The macroscopic behavior of ferroelectric
ceramics is obtained by averaging contributions of
all domains. The domain orientation distribution

function depicts domain patterns. We suppose that
domains are independent of each other and the in-
ternal electric ®eld and stress of each domain are
equal to the external load. This Reuss type

approximation [31] has been used by Hwang et
al. [20] in their one-dimensional computational fer-
roelectric crystal simulation. Numerical results

based on the theory proposed in this paper show
that the assumption does not cause too much error
and is acceptable. A more thorough investigation

concerning the interaction of di�erent domains
needs the application of inclusion theory, a detailed
discussion of this problem can be found in

Refs [27, 28]. In order to verify the theory, the elec-
tric±mechanical response of a soft PZT ferroelectric
ceramic subjected to combined electric±mechanical
loads was experimentally observed. The e�ect of

di�erent compressive stress levels on the electrome-
chanical response was examined as well. A criterion
considering the di�erence between the 908 switching
and the 1808 switching is established by the thermo-
dynamic approach. There is an agreement between
the theoretical and the experimental results.

2. EXPERIMENTAL PROCEDURE

The material tested is a typical soft PZT-51 with
large piezoelectric coe�cients and dielectric

permittivity [32]. Each grain of the ceramic is a
single crystal with a tetragonal perovskite structure
at room temperature. The published physical prop-

erties, the measured physical properties as well as
the lattice constants of the soft PZT-51 ceramic are
listed in Tables 1 and 2, respectively [32]. The speci-
mens, with nominal dimensions 10� 10� 16 mm3,

Fig. 1. Crystal structure of BaTiO3.

Table 1. Main properties of the soft PZT-51 ceramic [32]

Material properties Value

Elastic modulus (Pa) 3.03E10
Poisson's ratio 0.3
Dielectric permittivity, k33 (F/m) 6.666Eÿ8
Piezoelectric coe�cient, d333 (m/V) 1.52Eÿ9
Piezoelectric coe�cient, d311 (m/V) ÿ0.57Eÿ9
Piezoelectric coe�cient, d113 (m/V) 1.856Eÿ9
Coercive electric ®eld, Ec (MV/m) 0.676
Coercive stress, sc (MPa) 21.8
Remanent macroscopic strain, �eR11, �eR22 ÿ1.4Eÿ3
Remanent macroscopic strain, �eR33 2.7Eÿ3
Remanent polarization, PR (C/m2) 0.1938
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were cut from bulk ferroelectrics, and all faces were
polished. The upper and bottom faces of the speci-

mens with an area of 10� 10 mm2 were electroded
with sputtered Ag. A servo-hydraulic loading ®xture
is set up for applying the stress ®eld. A silicon oil

bath is mounted on the loading ®xture to prevent
high voltage arcing. As a simple mechanical load,
the stress ®eld is applied to a polarized sample in

the x3-direction as shown in Fig. 2. Under com-
bined electric±mechanical loads, unpolarized
samples are subjected to a cyclic electric ®eld paral-

lel to the x3-direction under di�erent constant com-
pressive stresses. As shown in Fig. 2, the sample is

isolated from the ®xture by two alumina blocks and
one ethoxyline block. The high voltage arcing is
prevented e�ectively by the silicon oil bath and a

ringed ethoxyline block in the middle of the sample.
To protect the strain gauges from the high voltage
arcing, they must be bonded to the area near the

ground electrode and covered by a special isolated
glue. To avoid bending stress and inhomogeneous
distribution of stress, the upper and bottom faces of

both the alumina blocks and the ethoxyline block
are kept parallel (misalignment less than 0.01 mm).
Besides, one spherical cone is incorporated in the

setup.
The load sensor output is recorded through an A/

D circuit connected to the computer. Longitudinal
and transverse strain gauges are bonded to the center
of the area near the ground electrode to measure

strains parallel and perpendicular to the polarization
direction, i.e. x3-direction. The strain gauges are con-
nected to a Wheatstone bridge and the A/D circuit

connected to the computer. The charge per unit area
on the electrode is equal to the normal component of
the electric displacement. The charge on the electrode

is measured by monitoring the voltage of a capacitor

(10 mF) connected from the bottom electrode of the
specimen to the ground. The voltage of the capacitor

is monitored by means of a high input impedance
electrometer and the A/D circuit. A high voltage
source triangle wave (230 kV at from 1 to 0.01 Hz) is

connected to the upper electrode of the specimen.

3. EXPRIMENTAL RESULTS

Initially unpolarized samples are subjected to a
cyclic electric ®eld parallel to the x3-direction.
Figure 3 shows the stable electric displacement±

electric ®eld curves measured after several load±un-
load cycles. In Fig. 3, D3 and E3 refer to the electric
displacement and electric ®eld in the direction of

the x3-axis, respectively. At point A the electric ®eld
is zero and the sample has a remanent polarization
of ÿ0.194 C/m2. A positive electric ®eld (opposite to

the direction of polarization) is applied to the
sample. At point B, the electric ®eld reaches the
coercive ®eld of 0.67 MV/m and the direction of
polarization of the sample begins to switch. At

point C, the polarization is almost aligned with the
positive electric ®eld. The electric ®eld is reduced to
zero at point D and the remanent polarization is

0.194 C/m2. Then a negative electric ®eld (opposite
to the present direction of polarization) is applied
to the sample and the electric displacement is

reduced. At point E the electric ®eld reaches the
coercive ®eld of ÿ0.67 MV/m and the polarization
starts to switch again. At point F the polarization is
aligned with the present electric ®eld. Finally, the

electric ®eld is reduced to zero and the state of the
sample returns to that of point A. As the sample is
in the polarized states of points A and D, the incre-

ment of electric displacement is linearly pro-
portional to the small change of the electric ®eld,
which can be described by DD3 � k33DE3. That is,

the slope provides a relative permittivity of
kr � k33=k0 � 7532, where the permittivity of the
free space is k0 � 8:85� 10ÿ12 F=m.

When the stable electric ®eld vs electric displace-
ment hysteresis is developed, the longitudinal strain,
e33, and the transverse strain, e11, of the sample
could be simultaneously measured. It should be

Table 2. Material lattice constants of the soft PZT-51
ceramic [28, 32]

Lattice constants, a0, a, b, c of PZT-51 ceramic
a0=0.4071 nm, a=b=0.4055 nm, c=0.4102 nm

Fig. 2. Schematic of the electric±mechanical loading sys-
tem.

Fig. 3. Stable electric ®eld vs electric displacement hyster-
esis loop.
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pointed out that the ceramic is transversely isotro-

pic. The polarization direction is parallel to the x3-

axis. Thus, the x3-direction is speci®ed as the longi-

tudinal direction and the x1±x2 plane is a transverse

plane. The stable electric ®eld vs longitudinal strain

curve measured after several load±unload cycles is

illustrated in Fig. 4(a). Points A±F in Fig. 4(a) cor-

respond to the same points in Fig. 3. At point A

the electric ®eld is zero and the sample has a rema-

nent longitudinal strain of 0.0027. As the positive

electric ®eld (opposite to the direction of polariz-

ation) is applied, the domains in the sample are

constricted by the dielectric e�ect and the longitudi-

nal strain is reduced. At point B, the electric ®eld

reaches the coercive ®eld and the polarization

switches to the direction of the electric ®eld. The

longitudinal strain increases suddenly. At point C

the polarization has switched completely and the

strain varies approximately linearly with the electric

®eld. As the electric ®eld decreases to zero at point

D, the strain returns to that of point A. When a

negative electric ®eld (opposite to the current direc-

tion of the polarization) is applied to the sample,

due to the dielectric e�ect, the sample is constricted

along the direction of the electric ®eld. The longi-

tudinal strain is reduced. At point E the electric

®eld reaches the coercive ®eld and the strain

increases quickly for the polarization switching. The

switch is completed at point F. As the electric ®eld

decreases to zero, the sample returns to the state of

point A and the sequent cycles are followed in the

same way. When the electric ®eld is zero (such as at

points A and D), the small change of the longitudi-

nal strain is linearly proportional to the small

change of the electric ®eld. This phenomenon can

be described by De33 � d333DE3. The stable butter¯y

shaped transverse strain vs electric ®eld hysteresis

loop measured after several load±unload cycles, as

demonstrated in Fig. 4(b), indicates that the trans-

verse strain, e11, varies nonlinearly with the electric

®eld, E3, as well and the amplitude is about minus

one half of that of the longitudinal strain. The lin-

ear piezoelectric coe�cient, d311, can be obtained

from the slope at the point of zero electric ®eld.

A compressive stress, s33, is applied to the sample

in the polarization direction parallel to the x3-axis.

Figure 5 shows the transverse strain, e11, vs stress,

s33, curve (the longitudinal strain, e33, vs stress, s33,
curve is presented in Section 5 for comparison with

the theoretical calculation), illustrating that the soft

PZT-51 ceramic exhibits linear compressive strain

when the uniaxial stress is under 10 MPa. As the

stress exceeds 10 MPa, the polarization begins to

switch and the sample shows nonlinear defor-

mation. This is in full agreement with the results

given by Cao and Evans [9]. After unloading from

110 MPa, the domains partially switch back to their

original poling direction and there is a large rema-

Fig. 4. Stable strain vs electric ®eld curve (after several
cycles): (a) longitudinal strain vs electric ®eld; (b) trans-

verse strain vs electric ®eld.

Fig. 5. Uniaxial compressive stress vs transverse strain
curve.

Fig. 6. Six domain types.
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nent longitudinal strain, �er33, and a remanent trans-
verse strain, �er11. The initial slope relating the uniax-

ial stress to the transverse strain is the inverse of
the compliance M1133 as shown in Fig. 5. Similarly,
the compliance M3333 can be obtained from the

reverse of the initial slope of the longitudinal strain
vs stress curve.

4. A DOMAIN SWITCHING MODEL

4.1. Description of domains and their orientations

As shown in Fig. 1, a unit cell of BaTiO3, PZT

and PLZT, etc. is cubic with edge length a0 in the
paraelectric phase. When phase transition occurs
and the ceramic changes to the ferroelectric phase,
the edges of the unit cell contract in two directions

with their lengths changing from a0 to a and
elongate in one direction with its length changing
from a0 to c. If we choose the prototype phase as a

reference state, this shape change causes a spon-
taneous strain. The relative displacements of ions in
a unit cell lead to a spontaneous polarization as

well. A ferroelectric domain in ferroelectric ceramics
is composed of unit cells with the same spontaneous
polarization. A unit cell may be seen as a represen-

tation of the domain that it belongs to.
Two coordinate systems, i.e. ®xed local coordi-

nates and ®xed global coordinates, are used in this
paper. All the physical quantities should be trans-

formed into global coordinates before operation.
We introduce the local coordinates because a
domain switching has a relatively simple expression

in its local coordinates. A set of ®xed local coordi-
nates, xi, with the unit base vectors, ei, is associated
with each domain in accordance with its spon-

taneous polarization. The three local coordinate
axes are along the edges of the unit cell, and e3 is

chosen along the direction of the spontaneous
polarization. We call it a ®xed local coordinate
because once it is set, it does not change with

domain switching. We will later refer to it as the
``local coordinate'' and do not specify the word
``®xed''. We designate the domain distribution in a

ceramic at the beginning of the calculation as the
initial domain distribution and the state of the
domain as the initial state. The local coordinates
are chosen at this moment and then ®xed. Domain

switching does not change the directions of the
(®xed) local coordinates.
A domain of BaTiO3, PZT and PLZT, etc. per-

ovskite type ceramics has six variants according to
its direction of polarization and can change from

one variant to another. According to the de®nition
of the local coordinates, the spontaneous polariz-
ation of a domain in the initial state is along e3. We

specify it as type 1 domain (see Fig. 6). It is easy to
see that a ceramic is initially made up of type 1
domains. Other types of domains are de®ned rela-

tive to the local coordinate. The domain types are
schematically shown in Fig. 6. A type 2 domain has
its spontaneous polarization along the opposite

direction of e3. A type 3 domain has its spon-
taneous polarization along the direction of e2 and a
type 4 domain the opposite. A type 5 domain has
its spontaneous polarization along the direction of

e1 and a type 6 domain the opposite. Domain
switching is expressed in its local coordinates by
domain type changes and the type 1 domain is the

start of the history of domain type evolution. The
domain distributions in a ceramic can be depicted
by the domain type at each set of local coordinates.

It should be clearly noted that such a speci®cation
of domain types is only valid for ferroelectric cer-
amics with a tetragonal structure.

A set of ®xed global Cartesian coordinates XI

with its base vectors �eI is de®ned as a reference.
The local Cartesian coordinates are related to the
global coordinate through the following transform-

ation:

x i � RiJXJ �1�
where RiJ � ei � �eJ are the direction cosines between
the local and global coordinates. RiJ can also be
expressed by three Euler angles as follows:

�RiJ� �
� cos y cos j cos cÿ sin j sin c cos y sin j cos c� cos j sin c ÿsin y cos c
ÿcos y cos j sin cÿ sin j cos c ÿcos y sin j sin c� cos j cos c sin y sin c

sin y cos j sin y sin j cos y

�
�2�

where y, j, c are three Euler angles, as shown in
Fig. 7. R � RiJ�eI�eJ (i � I, j � J sum for I, J) is

called the domain orientation tensor, analogous to
what is de®ned in martensitic transformation
crystallography [33]. The tensor, R, actually de®nes

a rotation. It turns the global unit base vector �eI to
the corresponding local unit base vector ei � R � �eI
(i � I). So ei is a function of R and can be written

as ei � ei�R�. It can be seen from equation (2) that
there are three independent parameters y, j, c in
the expression of R and R � R�y, j, c�.
The orientation distribution function (ODF) is

introduced to depict the domain patterns in a ferro-
electric ceramic. That is, we have f � f �R� or
f � f �y, j, c�. Thus, f �y, j, c�sin y dc dj dy is the
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volume fraction of domains whose orientation lies
in the in®nitesimal orientation element

sin y dc dj dy centered at �y, j, c�. Upon integrat-
ing over all orientations, f should satisfy the follow-
ing normalization condition:

�p
0

�2p
0

�2p
0

f �y, j, c�sin y dc dj dy � 1: �3�

In the initial state the ceramic is unpoled, the
domains are randomly distributed and the ceramic
does not show any macroscopic polarization. In

this case no orientation is more favorable than
others and domains are evenly distributed in all

orientations. So f is a constant over the three Euler
angles y, j, c. From equation (3) we can obtain
that f � 1=8p2.
When there is no external stress and electric ®eld,

a ferroelectric domain still exhibits polarization and

strain, which are called spontaneous polarization
and spontaneous strain. As we have stated in
Section 1, they come from phase transition. We will

always use another term ``spontaneous electric dis-
placement'' in this paper. It is de®ned as the electric

displacement under null external electric ®eld and
stress. In physics the electric displacement is de®ned
as D � e0E� P, where e0 is the dielectric permittiv-

ity in vacuum, D the electric displacement, E the
electric ®eld and P the polarization. It is easy to see

that the spontaneous electric displacement is equal

to the spontaneous polarization. In order to dis-

tinguish the spontaneous quantities from other

quantities, we use the superscript ``*'' to denote the

spontaneous ones.

The spontaneous electric displacement and spon-

taneous strain of type 1 domain at orientation R

can be expressed as follows (superscript 1 denoting

the type S � 1):

D*�R; 1� � D*1
i ei�R� � P 0e3,

eee*�R; 1� � e*1
ij ei�R�ej�R�

� �aÿ a0�=a0e1e1 � �aÿ a0�=a0e2e2
� �cÿ a0�=a0e3e3 �4�

where D*�R; 1� and eee*�R; 1� are the spontaneous
electric displacement and the spontaneous strain of

the type 1 domain at orientation R, respectively. P0

is the magnitude of spontaneous polarization, a0
the lattice constant of the cubic cell and a, c are the

constants of the tetragonal cell. The elastic compli-

ance, M�R; 1�, the piezoelectric compliance, d�R; 1�,
and the dielectric permittivity, k�R; 1�, of type 1
domain at orientation R are expressed by

M�R; 1� �M 1
ijklei�R�ej�R�ek�R�el�R�,

d�R; 1� � d1ijkei�R�ej�R�ek�R�,

k�R; 1� � k1ijei�R�ej�R�: �5�

The parameters of all other types (types 2±5) of

domains at orientation R can be obtained through
coordinate transformation.

The relations between type 1 domain and other

types of domains are illustrated in Fig. 8. A type 2

domain can be obtained by a 1808 rotation of a
type 1 domain around the x1-axis of local coordi-

nates. A type 3 domain can be obtained by a ÿ908
rotation of a type 1 domain around the x1-axis of

Fig. 7. Three Euler angles and the relation of coordinates.

Fig. 8. The relation of the local coordinates and the co-switching coordinates.
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the local coordinates. A type 4 domain can be

obtained from a type 3 domain by a further 1808
rotation around the x3-axis of local coordinates. A

type 5 domain can be obtained by a 908 rotation of

a type 1 domain around the x2-axis of local coordi-

nates. A type 6 domain can be obtained from a

type 5 domain by a further 1808 rotation around

the x3-axis of local coordinates. It should be noted

that such relations between a type 1 domain and

other types of domains are restricted to ferroelectric

materials exhibiting transformation from cubic to

tetragonal only. In Fig. 8 we attach co-switching

local Cartesian coordinates x
0
i with the unit base

vector e
0
i �R� to each type of domain. e

0
3�R� always

points in the direction of polarization, and e
0
1�R�,

e
0
2�R� are arbitrarily chosen due to symmetry. For a

type 1 domain, e
0
i �1� � ei. Evidently the material

tensors [as in equation (5)] and spontaneous quan-

tities (e.g. D*, eee*) for various types of domains have

the same components in the co-switching coordi-

nates.

Let S (S � 1, 2, . . . , 6) denote the type of

domains. The components of tensors

D*�R; S � � D*S
i ei�R�, eee*�R; S � � e*S

ij ei�R�ej�R�,
M�R; S � �M S

ijklei�R�ej�R�ek�R�el�R�,
d�R; S � � dSijkei�R�ej�R�ek�R�, k�R; S � � kSijei�R�ej�R�
are related to those of type 1 domain through the

following relations:

D*S
i � T S

imD
*1
m , e*S

ij � T S
imT

S
jne

*1
mn,

M S
ijkl � T S

imT
S
jnT

S
koT

S
lpM

1
mnop,

dSijk � T S
imT

S
jnT

S
kod

1
mno, kSij � T S

imT
S
jnk

1
mn �6�

where

�T 1
im� �

� 1 0 0
0 1 0
0 0 1

�
,

�T 2
im� �

� 1 0 0
0 ÿ1 0
0 0 ÿ1

�
,

�T 3
im� �

� 1 0 0
0 0 1
0 ÿ1 0

�
,

�T 4
im� �

�ÿ1 0 0
0 0 ÿ1
0 ÿ1 0

�
,

�T 5
im� �

� 0 0 1
0 1 0
ÿ1 0 0

�
,

�T 6
im� �

� 0 0 ÿ1
0 ÿ1 0
ÿ1 0 0

�
: �7�

The co-switching coordinates introduced here are

only used to obtain the expressions of the com-

ponents of D*�R; S �, eee*�R; S �, M�R; S �, d�R; S �,
k�R; S � in the local coordinates. To any R there

corresponds a set of local coordinates. The S at this
R, which we denote by S(R), determines the domain
type. If the domain types at any R, i.e. S(R), are

known, the whole domain patterns in the ceramic
are clear. The domain type S(R) changes during
domain switching. To obtain the evolution of S(R)

is an important e�ort in this paper. All the quan-
tities expressed in the local coordinates can be
transformed into the global coordinate by the ten-

sor transformation law. (See equations (1) and (2).)

4.2. Energy and switching criteria

The strain and the electric displacement in a
domain come from two sources. One contribution
is the spontaneous strain and electric displacement.
The other contribution is strain and electric displa-

cement induced by stress and electric ®eld. So the
piezoelectric equation in a domain can be written as

eee � eee* �M:sss� E � d, D � D* � d:sss� k � E: �8�
It should be emphasized that eee*, D*, M, d, k are re-
lated to R and S. It can be seen from equation (8)

that there are two sources of the nonlinear behavior
of a domain. One is the direct change of the spon-
taneous strain, eee*, and the electric displacement, D*,

during domain switching. The other is the change
of M, d, k, as well as the additional change of
strain and electric displacement through either a

mechanical e�ect or electric e�ect, and/or the coup-
ling of the two.
We suppose the temperature is constant during

domain switching. At a certain temperature, the

Gibbs free energy density, which is denoted by g, is
a function of R, ss, E, S, i.e. g � g�R; sss, E, S �.
According to the second law of thermodynamics, a

state with a higher Gibbs energy tends to change to
the state with a lower Gibbs free energy. The di�er-
ence of the Gibbs energy of two states is the

domain switching driving force. When the force
exceeds certain thresholds, domain switching will
occur. According to the thermodynamics law, when

temperature is constant, the Gibbs free energy (per
unit volume) in a domain can be expressed as

g � ÿ
�sss
0

eee:dsssÿ
�E
0

D � dE: �9�

From equations (8) and (9), we have

g � ÿ
�
eee*:sss�D* � E� 1

2
sss:M:sss� 1

2
E � k � E

� E � d:sss
�
: �10�

Equation (10) shows that the Gibbs free energy in a
domain, g, is determined by external loads and par-
ameters eee*, D*, M, k, d. When the external loads,
ss(t), E(t), are given, eee*, D*, M, k, d, can be
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obtained from equations (4)±(7). It should be noted
that the domain type varies with time.

In the initial state (time t � 0, denoted by sub-
script ``0''), according to the de®nition of the local
coordinates, the domain type is 1 at any R, i.e.

S0�R� � 1. Equation (10) can ®nally give
g�R; sss0, E0, S0�. Suppose at time t the Gibbs free
energy is g�R; ssst, Et, St�. At time t� dt, if St�dt�R�
is obtained, the Gibbs free energy
g�R; ssst�dt, Et�dt, St�dt� can be calculated. St�dt�R� is
obtained as follows.

At a certain R, St�dt has six possible values, from
1 to 6. If St�dt remains the same as St, no domain
switching occurs. Otherwise, domain switching
appears. There is energy dissipation associated with

domain switching, so the domain switching driving
force must be greater than the threshold corre-
sponding to switching. The thresholds for 908 and

1808 domain switching are di�erent and are denoted
as W f

90 and W f
180, respectively. Generally speaking,

W f
90 and W f

180 are related to materials and may

also be in¯uenced by external loading. Here we sup-
pose they are material constants. Domain type S is
an element of set {A}, where fAg � f1, 2, 3, 4, 5, 6g.
Let At

180 denote the domain type 1808 switching
relative to domain type St. A

t
180 can be determined

in the following way. If St is an odd number,
At

180 � St � 1. If St is an even number,

At
180 � St ÿ 1. For example, if St � 3 then At

180 � 4.
If St � 6 then At

180 � 5. Let At
90 denote those

domain types of the 908 switching relative to

domain type St. It is easy to see that
fAt

90g � fAg ÿ At
180 ÿ St. For example, if St � 3, we

can obtain that At
180 � 4, so fAt

90g � f1, 2, 5, 6g.
The domain switching driving force of 908 switch-

ing F90, is de®ned as

F90�R; ssst�dt, Et�dt�

� maxfg�R; ssst, Et, St�

ÿ g�R; ssst�dt, Et�dt, S �gS2fAt
90
g: �11�

We use Sp
90 to denote the S that satis®es the above

de®nition of F90. The domain switching driving
force of 1808 switching F180, is de®ned as

F180�R; ssst�dt, Et�dt�

� maxfg�R; ssst, Et, St�

ÿ g�R; ssst�dt, Et�dt, S �gS�At
180
: �12�

We use S
p
180 to denote the At

180. The domain switch-
ing criterion can be stated as follows:

if F90�R; ssst�dt, Et�dt�rW f
90 then 908 domain

switching occurs at orientation R and
St�dt � S

p
90, otherwise no domain switching

occurs at orientation R and St�dt � St;

if F180�R; ssst�dt, Et�dt�rW f
180 then 1808

domain switching occurs at orientation R and

St�dt � S
p
180, otherwise no domain switching

occurs at orientation R and St�dt � St.

When the evolution of S(R) is known, we can

obtain the macroscopic strain and electric displace-
ment of the ceramic by averaging over all the
domains.

4.3. Macroscopic strain and electric displacement

We have assumed that the domains are indepen-
dent of each other, and the stress and electric ®eld

of each domain is equal to the external stress and
electric ®eld. The strain and electric displacement of
each domain can be obtained from equation (8).

The macroscopic strain and the electric displace-
ment of the ceramic are obtained by averaging over
all the domains. The expressions are as follows:

�eee � 1

V

�
V

sss dV

�
�p
0

�2p
0

�2p
0

sss�y, j, c� f�y, j, c�sin y dc dj dy,

�D � 1

V

�
V

D dV

�
�p
0

�2p
0

�2p
0

D�y, j, c� f�y, j, c�sin y dc dj dy:

�13�
In an unpoled initial state, the domains are ran-
domly distributed and the ceramic does not show

any macroscopic polarization. If our calculation
starts from this unpoled state, according to
equation (3), f has a simple form: f � 1=8p2. Then
the macroscopic constitutive relation can be written

as

�eee � �eee* � �M:sss� E � �d, �D � �D
* � �d:sss� �k � E �14�

where

�eee* � 1

8p2

�p
0

�2p
0

�2p
0

�eee*�y, j, c�sin y dc dj dy,

�M � 1

8p2

�p
0

�2p
0

�2p
0

M�y, j, c�sin y dc dj dy,

�d � 1

8p2

�p
0

�2p
0

�2p
0

d�y, j, c�sin y dc dj dy,

�D
* � 1

8p2

�p
0

�2p
0

�2p
0

D*�y, j, c�sin y dc dj dy,

�k � 1

8p2

�p
0

�2p
0

�2p
0

k�y, j, c�sin y dc dj dy: �15�
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4.4. Relation between macroscopic and microscopic
quantities

Based on the above theory, we can draw some

useful conclusions. These conclusions can help us

understand some general relations between the

macroscopic and the microscopic quantities. Some

microscopic quantities di�cult to measure directly

can be obtained through the relatively easy

measurement of macroscopic quantities. In this sec-

tion, we will discuss the relation of the magnitude

of the spontaneous polarization to the remanent

polarization of the ceramic, the relation of the com-

ponents of the spontaneous strain to the remanent

strain induced by the poling electric ®eld, and the

piezoelectric compliance of a domain to the macro-

scopic piezoelectric compliance. We will also deter-

mine the 908 and 1808 domain switching thresholds

W f
90 and W f

180.

When a ceramic is fully poled, all the domains

turn to the most favorable direction which is closest

to the external electric ®eld. This condition can

determine the domain type S at any orientation y,
j, c. Suppose the electric ®eld is along �e3, the

domain type S�y, j, c� at y, j, c maximizes the ex-

pression D*�y, j, c; S � � �e3. In other words, at any

y, j, c we have

D*�y, j, c; S�y, j, c�� � �e3rD*�y, j, c; Si �

��e3 8Si 2 fAg: �16�

Let us see the domain type distribution vs y, j, c.
The values of D*�y, j, c; Si � � �e3 (Si 2 fAg) can be

obtained in terms of equations (1), (2), (6) and (7):

D*�y, j, c; 1� � �e3 � P 0 cos y,

D*�y, j, c; 2� � �e3 � ÿP 0 cos y,

D*�y, j, c; 3� � �e3 � P 0 sin y sin c,

D*�y, j, c; 4� � �e3 � ÿP 0 sin y sin c,

D*�y, j, c; 5� � �e3 � ÿP 0 sin y cos c,

D*�y, j, c; 6� � �e3 � P 0 sin y cos c: �17�

From equations (16) and (17) we can get the

domain type distribution vs y, j, c as shown in

Fig. 9. The equations of bordering curves in Fig. 9

are expressed as follows [28]:

Fig. 9. Domain type distributions of a fully poled ceramic.
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a1: cos y � sin y cos c �0RcR1=4p�,

a2:ÿ cos y � sin y cos c �0RcR1=4p�,

b1: cos y � sin y sin c �1=4pRcR3=4p�,

b2:ÿ cos y � sin y sin c �1=4pRcR3=4p�,

c1: cos y � ÿsin s cos c �3=4pRcR5=4p�,

c2: cos y � sin s cos c �3=4pRcR5=4p�,

d1: cos y � ÿsin y sin c �5=4pRcR7=4p�,

d2: cos y � sin y sin c �5=4pRcR7=4p�,

e1: cos y � sin y cos c �7=4pRcR2p�,

e2:ÿ cos y � sin y cos c �7=4pRcR2p�: �18�

Note that in terms of equations (16) and (17)
equation (18) can be obtained by letting each sub-
equation in equation (17) be equal to other sub-

equations of equation (17). Since S�y, j, c� is
known, the macroscopic quantities can be obtained
through averaging. When the ceramic is fully poled

by an electric ®eld and then the electric ®eld
decreases to zero, a remanent polarization and
strain are induced. In terms of equation (15), the
magnitude of the remanent polarization, PR, could

be obtained as [28]

PR � 1

8p2

�p
0

�2p
0

�2p
0

D*�y, j, c; SR�

� �e3 sin y dc dj dy

� 0:831P 0 �19�

where SR�y, j, c� is the domain type distribution
shown in Fig. 9. Similarly, the remanent strain can

be obtained as

��eRIJ� �
1

8p2

�p
0

�2p
0

�2p
0

�eI � eee*�y, j, c; SR� � �eJ sin y dc dj dy

�

0:85048

�
aÿ a0
a0

�
� 0:14952

�
cÿ a0
a0

�
0 0

0 0:85048

�
aÿ a0
a0

�
� 0:14952

�
cÿ a0
a0

�
0

0 0 0:29905

�
aÿ a0
a0

�
� 0:70095

�
cÿ a0
a0

�

2666666664

3777777775
: �20�

Applying equations (12) and (10) to the 1808
switching induced by electric ®eld, the maximum

driving force for 1808 switching is 2P0E. Let Ec be
the coercive electric ®eld. From the domain switch-
ing criterion [see equation (12)] in Section 4.2, we

can obtain the 1808 domain switching friction as [28]

W f
180 � 2P 0Ec: �21�

Similarly, applying equations (11) and (10) to the
908 switching induced by compressive stress and let-
ting the applied stress s be equal to the coercive

stress, sc, we can obtain the 908 domain switching
friction expressed by

W f
90 �

�
cÿ a

a0

�
sc � 1

2
�M1111 ÿM3333�s2c �22�

where M1111 and M3333 are components of the elas-
tic compliance in the x1- and x3-directions, respect-
ively.

5. COMPARISON OF THEORY AND EXPERIMENT

In this section, we present our numerical calcu-
lation results and then compare them both with ex-

perimental results on ceramic lead lanthanum
zirconate titanate (PLZT) obtained by Hwang et
al. [20] and with our experimental data on the soft

PZT-51 ceramic subjected to the combined electric±
mechanical loading [32]. The material properties of
the PZT ceramic are listed in Tables 1 and 2 [32]
and the material properties of the PLZT ceramic

can be found in Ref. [20].
First we compare the theoretical calculation with

the experiments done by Hwang et al. [20]. The cer-

amic is initially unpoled, then an electric ®eld E �
A sin��k=NE�p��e3 is applied, where A � 1:0 MV=m,
NE � 200, k � 0, 1, 2, . . . , 4000. Hwang et al. [20]

proposed such a domain switching criterion as

EiDPi � sjkDejkr2P 0Ec �23�
where DPi is the change in the spontaneous polariz-
ation, Dejk the change in the spontaneous strain,

and P0 the magnitude of the spontaneous polariz-
ation. Based on this criterion, Hwang et al. [20]
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compared their calculations with the experimental
results. It was found that their model cannot

describe the relation between longitudinal strain
and electric ®eld (see Fig. 10 of Ref. [20]). The pre-

dictd value of the strain at the moment of the
domain switching is much less than that of the

measured strain. In order to examine the e�ect of
the domain switching criterion on the macroscopic

behavior, we use di�erent domain switching criteria
in the calculation. When the 908 domain switching

friction and 1808 domain switching friction are

taken the same as in equation (21), we ®nd that the
model cannot describe the relation between longi-

tudinal strain and electric ®eld as well. The predic-
tion is exactly the same as that in Ref. [20]. It is

interesting to ®nd that the term on the right-hand
side of equation (23) is the same as that on the

right-hand side of equation (21). When only an
electric ®eld is applied, the second term on the left-

hand side of equation (23) vanishes. Thus, from
equations (12), (21) and (23), we could ®nd that the

1808 domain switching criterion is identical to the

criterion of Hwang et al. [20]. Now we distinguish
908 and 1808 domain switching frictions as pre-
sented in equations (21) and (22), and an obvious

improvement in comparison of theoretical results
and experiment is found as illustrated in Figs 10(a)
and (b). It can be found that Fig. 10 shows much

better agreement than that calculated by use of the
1808 domain switching energy barrier, especially in

the longitudinal strain vs electric ®eld curves. The
minimal value of the longitudinal strain in Fig. 10(b)
is closer to the experimental result, while the longi-

tudinal strain calculated by use of the 1808 domain
switching energy barrier gives a much higher mini-
mal longitudinal strain. Many researchers [5±8]

have found that domain wall movements can lead
to the 908 or the 1808 domain switching and their
mechanisms are di�erent. The above results agree

with the observation of those researchers [5±8]. The
di�erences in switching criteria for the electric ®eld

driven switching and stress driven switching suggest
that there might be a di�erent energy barrier for
the 908 and the 1808 switches, which may be

explained by domain wall dynamics. The exper-
imental results may further be understood by the
proposed domain switching criteria. Switching is

the source of the classic butter¯y shaped strain vs
electric ®eld curve and the corresponding electric

displacement vs electric ®eld curve. It is also the
source of the nonlinear stress±strain curve.
In the following, we shall compare numerical cal-

culations with results of experiments on the soft
PZT-51 ceramic, which were conducted in our
Failure Mechanics Laboratory [32]. The material

properties are listed in Table 1. The electric displa-
cement vs electric ®eld curves and longitudinal

strain vs electric ®eld curves under various compres-
sive stresses are demonstrated in Figs 11(a)±(h), re-
spectively. The solid lines represent theoretical

results and the marked lines represent experimental
results. Figure 11 shows that the model can charac-
terize the electric±mechanical response and the

e�ect on depolarization due to the compressive
stress under the combined electric±mechanical load-

ing.
In the case that the specimen is subjected to the

combined electric±mechanical loads, a constant

compressive stress is imposed in the polarization
direction parallel to the x3-axis while the electric
®eld is cyclically applied. Figures 11(a), (c), (e) and

(g) illustrate that D3 vs E3 hysteresis loops are
developed at di�erent constant compressive stress,

indicating that there is a signi®cant e�ect of the uni-
axial compressive stress on the hysteresis behavior.
The resulting hysteresis loops show a steady

decrease in both the remanent polarization and the
saturation polarization as the compressive stress is
changed from 0 to ÿ80 MPa. The slope of the loops

at zero electrical ®eld, which can be regarded as the
permittivity, decreases when the magnitude of com-

Fig. 10. Comparison of theory and experiment [20] based
on the separate 1808 and 908 domain switching criteria: (a)
electric displacement vs electric ®eld curves for PLZT; (b)
longitudinal strain vs electric ®eld curves for PLZT.

Experimental data are obtained from Ref. [20].
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Fig. 11. Comparison of theory and experiment [32] for the case of the combined electric±mechanical
loading: the axial compressive stress equals (a) and (b) 0 MPa; (c) and (d) ÿ20 MPa; (e) and (f)

ÿ40 MPa; (g) and (h) ÿ80 MPa, respectively.
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pressive stress increases. The coercive ®eld almost
linearly decreases as the uniaxial compressive stress

increases. This is the so-called depolarization
phenomenon [9, 10], that is, when the magnitude of

compressive stress increases, the remanent polariz-
ation decreases and the area encircled by the hyster-

esis decreases with the increase of compressive
stress as well.

Similarly, the butter¯y shaped longitudinal strain
vs electric ®eld curves are in¯uenced by the external

stress in such a way that they become ¯atter when
the compresive stress increases. The longitudinal

strain gradually becomes negative with reference to
the unpolarized state when the compressive stress

becomes larger. The range of the strain variation
becomes smaller and smaller as the magnitude of

compressive stress increases. And the range turns
out to be almost zero when the stress goes over

ÿ80 MPa which is nearly the coercive stress ®eld.
This means that the domain switching becomes

more di�cult under a larger magnitude of compres-
sive stress. The slope of the hoops at zero electrical

®eld is not the piezoelectric coe�cient but can be
considered as the depolarization coe�cient under

di�erent compressive stress levels. The slope is a
function of the stress. The compressive stress acting

in conjunction with the electric ®eld induces 908
tetragonal switching. The ceramic remains in this
908 switched state until the electric ®eld is su�-

ciently high to overcome the applied stress and
switch the ceramic back to the polarized state. At a

stress level of ÿ80 MPa, the electric ®eld is not able
to totally overcome the applied stress and there is

very little strain. There is still, however, a noticeable
component of polarization switching though it is

very small.
Finally, we shall make a comparison of stress vs

strain. After the sample is poled, a compressive
stress, s � B�kp=Ns��e3�e3, is applied in the x3-direc-

tion, where B � 100 MPa, Ns � 100,
k � 1, 2, . . . , 99, 100, 99, . . . , 2, 1. Figure 12 illus-

trates the comparison of applied compressive stress
vs longitudinal strain curves of theory and

experiment [32] based on the separate 1808 and 908
domain switching criteria. Figure 13 demonstrates
the comparison of applied compressive stress vs

electric displacement curves of theory and
experiment [32] based on the separate 1808 and 908
domain switching criteria. The results in these two

®gures make it clear that the model could not
describe the behavior of the stress vs electric displa-
cement well though there does exist an agreement
of theoretical and experimental stress vs strain

curves.

6. CONCLUSIONS

External loads, such as electric ®eld and stress,
can cause domain switching. Domain switching

always results in the nonlinear ferroelectricity and
ferroelasticity of ferroelectric ceramics. A domain
has di�erent Gibbs energy at di�erent orientation

states and the energy di�erence forms the domain
switching driving force. As long as the orientation
of each domain is de®ned by its local coordinates

relative to a set of ®xed global coordinates, ODF
can be simply employed to describe the domain pat-
tern. The domain pattern and its evolution can be
determined by the competition of the domain

switching driving force and the dissipation during
domain switching. The 908 and 1808 domain switch-
ings play di�erent roles in ferroelectricity and fer-

roelasticity and have di�erent switching dissipations
associated with them. A criterion considering the
di�erence of 908 and 1808 switchings has been

established by the thermodynamic approach. The
results show that a better agreement of the calcu-
lations and experiments is achieved when the

thresholds for 908 or 1808 domain switchings are
distinguished. The di�erence in switching criteria
for the electric ®eld driven switching and stress dri-
ven switching suggests that there might be di�erent

Fig. 12. Comparison of theory and experiment [32] based
on the separate 1808 and 908 domain switching criteria:
applied compressive stress vs longitudinal strain curve.

Fig. 13. Comparison of theory and experiment [32] based
on the separate 1808 and 908 domain switching criteria:
applied compressive stress vs electric displacement curve.
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energy barriers for the 908 switching and the 1808
switching, which may be explained by domain wall

dynamics. The experimental results may further be
understood by the proposed domain switching cri-
teria. Switching is the source of the classic butter¯y

shaped strain vs electric ®eld curve and the corre-
sponding electric displacement vs electric ®eld
curve. It is also the source of the nonlinear stress±

strain curve. Both the theoretical prediction and the
experimental measurement show that under the
combined electric±mechanical loading, a compres-

sive stress can reduce the polarization, leading to
signi®cant depolarization. That is, the electric±me-
chanical coupled behavior of the ferroelectric cer-
amic demonstrates that both the coercive ®eld and

the saturated ®eld decrease as the compressive stress
®eld increases. Furthermore, a su�ciently large
compressive stress can even completely sweep o�

the butter¯y shaped strain vs electric ®eld hysteresis
loop. Comparison of theoretical results and exper-
imental results indicates that the proposed constitu-

tive model can predict the main features of
nonlinearity under combined loadings of electric
®eld and stress. However, since the micromechani-

cal model proposed in this paper is restricted to fer-
roelectric materials exhibiting transformation from
cubic to tetragonal only, under the same principle
of guidance, work still needs to be carried out to

develop constitutive theories for other kinds of fer-
roelectric materials.
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